Given a smooth variety with a K3 fibration π : X → S, we construct a dual fibrationπ : Y → S by replacing each fibre X s of π by a two-dimensional moduli space of stable sheaves on X s . We prove that the resulting scheme Y is a smooth variety, and construct an equivalence of derived categories Φ : D(Y ) → D(X). Our methods also apply to elliptic and abelian surface fibrations.
Introduction
A Fourier-Mukai transform is an equivalence of categories relating the derived categories of coherent sheaves on two smooth projective varieties. The first non-trivial example was introduced by Mukai [10] . Such transforms have proved to be powerful tools for studying moduli spaces of sheaves on smooth varieties. They also have interesting (though not very well-understood) connections with certain dualities arising in string theory. In [3] we introduced Fourier-Mukai transforms for surfaces fibered by elliptic curves and used them to identify various moduli spaces of stable sheaves on elliptic surfaces with Hilbert schemes of points. These transforms have also been used to provide a mathematical description of mirror symmetry on elliptically fibered K3 surfaces [2] .
In the past few years there has been a great deal of progress in the classification of Fourier-Mukai (FM) transforms for complex surfaces. Many examples have been constructed, and it is now known, for example, which pairs of minimal complex projective surfaces have equivalent derived categories [5] . In contrast, very few examples of FM transforms for higher-dimensional varieties are known. This is mainly due to the difficulty of studying moduli spaces of sheaves on varieties of dimension larger than 2. Recently, a new class of higher-dimensional examples have been obtained by P. Seidel and R. Thomas [15] , who have shown how exceptional objects on Calabi-Yau varieties lead to equivalences of derived categories.
In this paper we generalise the results of [3] by considering varieties fibered by K3 or abelian surfaces, or by elliptic curves, over a base of arbitrary dimension. This leads to a large number of new examples of higher-dimensional FM transforms. One would expect these transforms to have applications to the study of moduli spaces of stable sheaves. In particular, the elliptic fibration transforms should allow one to reduce many moduli problems on elliptic fibrations to the rank 1 case, as in [3] . One would also expect, in analogy with [2] , that the FM transforms for hyperkähler 4-folds fibered by abelian surfaces would allow one to give a mathematical description of mirror symmetry.
To be definite we shall consider the case of K3 fibered varieties; the other cases go through in exactly the same way. Given such a fibration π : X → S, the basic idea is to replace each fibre X s of π by some two-dimensional moduli space Y s of stable sheaves on X s . In this way one obtains a new variety Y with a K3 fibrationπ : Y → S, together with an equivalence of derived categories Φ : D(Y ) → D(X). The variety Y has been studied by Thomas in [14] , where it was referred to as the Mukai dual. In particular, Thomas showed how holomorphic Casson invariants of X are related to GromovWitten invariants of Y .
The main problem mathematically is to show that the dual variety Y is smooth. This problem did not arise in [3] , where X and Y are elliptic surfaces, because in that case the dimension of the tangent space to Y at any point can be calculated directly using the Riemann-Roch formula on X. In higher dimensions very little is known about the geometry of moduli spaces of sheaves, so the statement that Y is smooth is surprisingly strong. The proof requires some rather subtle commutative algebra, based on M. Hochster's theory of big Cohen-Macaulay modules.
To describe our results in more detail, take a morphism π : X → S of smooth projective varieties whose general fibre is a K3 surface. We shall assume that π is flat; since X and S are smooth this is equivalent to the assumption that all the fibres of π have the same dimension. Fixing a polarization ℓ on X, and using results of C. Simpson [13] , one can define the relative moduli schemeπ : M ℓ X/S → S parameterising ℓ-semistable sheaves supported on the fibres of π. Thus the fibre ofπ over a point s ∈ S is naturally the moduli scheme of semistable sheaves on the fibre X s , with respect to the polarization ℓ s induced by ℓ.
A component Y of M ℓ X/S is called fine if there is a universal sheaf P on Y × S X, and if for each point y ∈ Y , the corresponding sheaf P y on the fibre Xπ (y) is strictly stable. There are well-known methods for finding fine components of M ℓ X/S of the right dimension which we describe in section 2. The main result is as follows. Theorem 1.1 Let π : X → S be a flat morphism of smooth projective varieties whose general fibre is a K3 surface, take a polarization ℓ on X, and let Y be an irreducible component of M ℓ X/S which contains a sheaf supported on a smooth fibre of π. Suppose that Y is fine and of the same dimension as X, and let P be a universal sheaf on Y × X. Suppose also that each fibre of π : Y → S has the same dimension. Then Y is smooth, the general fibre of π : Y → S is a K3 surface, and the functor
Note that exactly the same statement holds if we assume instead that the general fibre of π is an elliptic curve or an abelian surface. For simplicity we shall stick to the K3 case, pointing out any modifications required for the other cases as we go along.
The main problem in the proof of Theorem 1.1 is dealing with the singular fibres of π. If we assume that all the fibres of π : X → S are smooth, the proof is much more straightforward. This case is considered in section 3.
The condition thatπ is equidimensional (equivalent toπ being open) is somewhat unsatisfactory. The problem is that there conceivably exist K3 fibrations π : X → S with certain fibres X s whose singularities are so severe that the corresponding moduli space Y s = M ℓs Xs has dimension larger than 2. Note that this problem cannot arise in the threefold case because the assumption that Y is irreducible of dimension 3 prevents the dimension of the fibres ofπ from jumping.
One final point we should make is that the fact that X and Y have equivalent derived categories immediately implies that Y is a Calabi-Yau variety whenever X is.
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Conventions All schemes are of finite type over C, and points of a scheme are assumed to be closed. By a sheaf on a scheme X I mean a coherent O Xmodule. The bounded derived category of coherent sheaves on a scheme X is denoted D(X). The ith homology sheaf of an object E of D(X) is denoted H i (E).
Relative moduli of stable sheaves
Let π : X → S be a flat morphism of smooth projective varieties. Fix a polarization ℓ of X. This is a numerical equivalence class of ample line bundles on X. For each point s ∈ S, ℓ induces a polarization ℓ s of the fibre X s of π, defined by restricting an ample line bundle representing ℓ to the subscheme X s .
C. Simpson [13, Thm. 1.21] constructed a relative moduli schemê π : M ℓ X/S → S whose fibre over a point s ∈ S is naturally the moduli scheme M ℓs Xs of semistable sheaves on the fibre X s of π. Points of M ℓ X/S correspond to gr-equivalence classes of semistable sheaves on E whose scheme-theoretic support is contained in (or equal to) some fibre of π. Simpson showed further that each connected component of M ℓ X/S is a projective scheme over C. For any sheaf E on X the Hilbert polynomial (with respect to the polarisation ℓ) is the polynomial function
where L is a line-bundle on X representing ℓ. This polynomial P E always has integer coefficients, which are given in terms of the Chern classes of E by the Riemann-Roch theorem. Let Y be a connected component of M ℓ X/S . All the points of Y correspond to equivalence classes of semistable sheaves E with the same numerical invariants, and in particular the same Hilbert polynomial, P say. Suppose that the coefficients of P are coprime, or what is the same thing, that the greatest common divisor of the integers χ(E ⊗ L ⊗n ) is 1. Then Y is fine, in that each point y ∈ Y corresponds to a strictly stable sheaf on X (supported on some fibre of π), and there is a universal sheaf P on Y × X, flat over Y , such that for each point y ∈ Y , the corresponding stable sheaf on X is just P y .
Let us now consider the case when the general fibre of π : X → S is a K3 surface (respectively an abelian surface). Thus all the fibres of π have dimension 2, and each smooth fibre is a K3 surface (respectively an abelian surface). Fix one such smooth fibre X s , and let E be a stable sheaf on X s . Let ℓ be a polarization of X, and let Y be the connected component of M ℓ X/S containing a point representing the sheaf E. Note that there is a natural morphismπ : Y → S, taking a point of Y corresponding to a semistable sheaf F to the unique point s ∈ S such that F is supported on the fibre X s of π. What is the condition for the component Y to be fine?
The numerical invariants of E are best described by its Mukai vector
, and ǫ is 0 or 1 according to whether X s is an abelian or K3 surface. If L is an ample line bundle on X representing the polarization ℓ, let L s be the restriction L| Xs . The Chern character of L s is (1, ℓ s , 1 2 ℓ 2 s ), so by Riemann-Roch theorem on X s , the Hilbert polynomial of E considered as a sheaf on the polarized variety (X, ℓ) is
If the coefficients of this polynomial are coprime then the moduli scheme Y is fine [12, App. 2].
As to the dimension of Y , one can always find an open subset U ⊂ S, such that all the fibres X s over points s ∈ U are smooth. Then results of Mukai [11, Thms. 0.1, 1.17] imply that the fibres Y s of the morphismπ are also smooth (and non-empty) over points of U, and have dimension
Thus, the moduli space Y has the same dimension as X if and only if
In this case the fibres Y s ofπ over points s ∈ U are K3 (respectively abelian) surfaces. Let us briefly describe what happens if we assume instead that the general fibre π is an elliptic curve. Let E be a stable sheaf on a smooth fibre X s of π. The numerical invariants of E are simply its rank r and degree d. The condition that the irreducible component Y of M ℓ X/S containing E be fine is just that d is coprime to both r and the degree of the induced polarization ℓ s . Whenever this happens the resulting moduli space has the same dimension as X and is elliptically fibered over S.
One general remark we shall need is that the universal sheaf P on Y × X is actually supported on the closed subscheme Y × S X. Thus there is a sheaf P + on Y × S X, flat over Y , such that P = j * P + , where
is the inclusion map. Given a point y ∈ Y withπ(y) = s, a simple basechange around the following Cartesian square of closed embeddings
shows that P y = i y * P + y , where P + y is the restriction of P + to the subscheme {y} × X s of Y × S X.
The case of smooth fibres
In this section we prove Theorem 1.1 under the additional assumption that all the fibres of the morphism π are (smooth) K3 surfaces. We shall use the following theorem. For a proof see [3] . is an equivalence of categories if and only if, for any point y ∈ Y , End X (P y ) = C and P y ⊗ ω X = P y , and for any pair of distinct points y 1 , y 2 of Y ,
To apply the theorem, let π : X → S be a smooth morphism of projective varieties, such that all fibres of π are K3 surfaces. Take a polarization ℓ of X, and let Y be a fine component of the relative moduli scheme M Let P + be a universal sheaf on Y × S X. Extending by zero we obtain a sheaf P on Y × X. By definition P is flat over Y . Fix a point s ∈ S, and let i : X s ֒→ X be the inclusion morphism. For any point y ∈ Y withπ(y) = s, one has P y = i * P + y . Thus to check the first condition of Theorem 3.1 it is enough to show that i * (ω X ) = O Xs . This is immediate from the adjunction formula, since X s has trivial canonical bundle and trivial normal bundle.
For the second condition we may assume that the two sheaves P y 1 , P y 2 are supported on the same fibre of π : X → S, otherwise their Ext-groups trivially vanish. Then
by the adjunction Li * ⊢ i * . Furthermore
by the projection formula. Since S is smooth, one can write down the Koszul resolution for O s on S and pull-back via π to obtain a locally free resolution of O Xs on X. This gives
for 0 ≤ q ≤ s, where m = dim S is the dimension of the base. Now there is a spectral sequence
so it is enough to know that
for all i. Since the set {P 
The general case
In this section we prove Theorem 1.1. Let us take notation as in that theorem, so that π : X → S is a flat morphism of smooth projective varieties whose general fibre is a K3 surface, andπ : Y → S is a fine, irreducible component of M ℓ X/S for some polarization ℓ of X. Furthermore Y and X have the same dimension, n say. Let P be a universal sheaf on Y × X.
The main difficulty is that we do not know a priori that Y is smooth, so we cannot immediately apply Theorem 3.1. We also do not have any control of the Ext-groups between sheaves supported on the singular fibres of X. These problems can be solved by using the following theorem, the proof of which will be given in section 7, after some commutative and homological algebra has been developed in sections 5 and 6. Theorem 4.1 Let X be a smooth projective variety of dimension n with a fixed polarization ℓ, and let Y be a fine, n-dimensional, irreducible component of the moduli space of stable sheaves on X. Let P be a universal sheaf on Y × X, and suppose that the closed subscheme Let U be the largest open subset of S such that the induced morphism
is smooth. Let B be the complement of U in S, a closed subset of S of positive codimension. By assumptionπ −1 (U) is non-empty, and as we observed in the last section, the morphismπ
is smooth, and hence surjective. Since Y is projective it follows immediately thatπ : Y → S is surjective. Note also that for any point y ∈π −1 (U),
If y 1 , y 2 are distinct points of Y , all the Ext-groups
vanish unless y 1 and y 2 lie on the same fibre ofπ. The results of the last section show that these groups also vanish when y 1 and y 2 both lie over a point of U. Thus the subscheme Γ(P) of the theorem is contained in the union of the diagonal in Y × Y with the closed subscheme
and it only remains to show that this scheme has dimension at most n + 1. But this is clear since the dimension of B is at most n − 3, and all the fibres of Y × S Y → S have dimension 4. In the case when the general fibre of π : X → S is an elliptic curve (rather than a K3 surface), B has dimension at most n − 2 and the fibres of Y × S Y → S have dimension 2, so the same argument works.
Some commutative algebra
This section contains some commutative algebra which is essential for our proof of Theorem 4.1. In particular we shall apply M. Hochster's results on the existence of big Cohen-Macaulay modules for arbitrary local rings containing a field. We start with a definition. 
implies that H i (M • ) = 0 for all i > 0, and
We can now state the main result of this section. The first part is called the intersection theorem, and is due to work of H. Foxby, P. Roberts and Hochster; we reproduce the proof for the reader's convenience. The second part is a slight strengthening and is proved using similar methods. See [7, Thm. 1.13]. 
and A is regular.
Proof We may assume that (A, m) is complete. Fixing a system of parameters (x 1 , · · · , x d ) for A, let R denote the complete regular local ring
and let n denote its maximal ideal. Note that A is finite as an R-module. Work of P. Griffith and M. Hochster [7, Thm. 1.8] shows that in this situation there is a (not-necessarily finitely-generated) A-module C such that C is free as an R-module. It follows immediately that depth A (C) = d. One says that C is a balanced big Cohen-Macaulay module for A.
Let us put
Then N is a finite length A-module satisfying
and N ⊗ C = 0. It follows from this that for any non-zero finite length A-module P , the module P ⊗ C is non-zero. Suppose now that s < d, and tensor the complex M • by C. Each term of the resulting complex M • ⊗ C has depth d because it is a direct sum of finitely many copies of C. Applying the acyclicity lemma then shows that M • ⊗ C is exact. Consider the third-quadrant spectral sequence
If the complex M • is not exact, let q 0 be the least integer such that H q (M • ) is non-zero. Then the term E 0,−q 0 2 of the sequence is non-zero and survives to infinity, which is a contradiction. This proves the first part. Assume now that s = d. By the acyclicity lemma again, the complex M • ⊗ C is exact except at the right-hand end, so the spectral sequence E p,q 2 converges to 0 unless p + q = 0. In particular we must have E Using the fact that the finite length A-module N has a composition series whose factors are isomorphic to A/m, and (1) above, it is easy to see that for any finite length A-module P
Thus the spectral sequence degenerates and we can conclude that H i (M • ) = 0 for i > 0, and so M • is a finite free resolution of A/m. It follows that A is regular.
Support and homological dimension
In this section we apply Theorem 5.3 to derive some results concerning complexes of coherent sheaves. These will be used in the proof of Theorem 4.1. Throughout X denotes an arbitrary scheme of finite type over C. First we need some definitions.
Definition 6.1 The support of an object E of D(X), written supp(E), is the union of the supports of the homology sheaves H i (E) of E. It is a closed subset of X.
Definition 6.2 Given a non-zero object E of D(X), the homological dimension of E, written hd(E), is equal to the smallest integer s such that E is quasi-isomorphic to a complex of locally free O X -modules of length s. If no such integer exists we put hd(E) = ∞.
The following two simple results allow one to calculate both the support and homological dimension of a given object E of D(X) from a knowledge of the vector spaces
as x ranges over the points of X. To check that the above two spaces really are equal, let f : {x} ֒→ X be the inclusion map, and apply [8, Prop. II.5.6, Cor. II.5.11].
Lemma 6.3 Let E be an object of D(X), and fix a point x ∈ X. Then
Proof There is a spectral sequence
If x lies in the support of E, let q 0 be the minimal value of q such that x is contained in the support of the homology sheaf H q (E). Then there is a non-zero element of E 0,q 0 2 which survives to give a non-zero element of Hom
The converse is clear.
Proposition 6.4 Let X be a quasi-projective scheme, take a non-zero object E of D(X) and let s ≥ 0 be an integer such that for all points x ∈ X,
Then E is quasi-isomorphic to a complex of locally free sheaves of the form
In particular, E has homological dimension at most s.
Proof If s = 0 the result follows from [3, Lemma 4.3], so assume s positive. Using (2) and applying the argument used to prove the last lemma, one sees that H i (E) = 0 for all i < 0. Since X is quasi-projective, every coherent sheaf on X is the quotient of a finite rank, locally free sheaf, so the dual of [8, Lemma I.4.6] implies that E is quasi-isomorphic to a complex of locally free sheaves on X of the form
Consider the object F of D(X) defined by the truncated complex
Applying the functor − ⊗ O x and comparing with E, one sees that for any
⊗ O x ) = 0 for i > s and i < s. Applying the s = 0 case, this implies that F has homological dimension 0. It follows that H i (E) = 0 for all i > s, and that L s / im(d s+1 ) is locally free.
Consider the short exact sequence of complexes
where A is the complex
, and B is the length s complex of locally free sheaves
It is enough to show that A is quasi-isomorphic to zero. But this is clear since
The first part of Theorem 5.3 gives the following important relationship between the homological dimension of a complex of sheaves and the codimension of the supports of the homology sheaves.
Corollary 6.5 Let X be a scheme of finite type over C, and E a non-trivial object of D(X). Then for any irreducible component Γ of supp(E) one has an inequality codim(Γ) ≤ hd(E).
Proof We may assume that E is a complex of locally free sheaves of finite length s ≥ 0. Let E 0 be the restriction of E to the affine subscheme Spec(A) of X, where A is the local C-algebra O X,Γ . Then E 0 is non-trivial, and each homology sheaf H i (E 0 ) is a finite A-module [6, Cor. 2.18]. Furthermore, the dimension of the A is equal to the codimension of Γ. Theorem 5.3 now gives the result.
Combining Lemma 6.3 and Prop. 6.4 with the second part of Theorem 5.3 gives the following result. Corollary 6.6 Let X be an n-dimensional quasi-projective scheme over C, and fix a point x ∈ X. Suppose that there is an object E of D(X), such that for any point z ∈ X, and any integer i,
Then X is smooth at x, and E ∼ = O x .
Proof of Theorem 4.1
Use notation as in the theorem. The first thing to check is that P y ⊗ω X = P y for all y ∈ Y . By hypothesis this relation holds for a particular choice of y ∈ Y , so for all y, P y and P y ⊗ ω X are stable sheaves with the same numerical invariants. Thus it is enough to check that
is non-vanishing for all y ∈ Y . Since this holds on an open subset of Y , it holds generally. The sheaf P is flat over Y , and X is smooth, so given a point (y, x) ∈ Y × X, the complex
has bounded homology. It follows from Prop. 6.4 that P has finite homological dimension, and in particular, the object 
Since X is smooth these groups vanish unless 0 ≤ p ≤ n. If y 1 = y 2 are distinct points of Y , Ext n X (P y 2 , P y 1 ) = Hom X (P y 1 , P y 2 ) = 0, so if we define E to be the restriction of Q to the complement of the diagonal in Y × Y , Prop. 6.4 implies that E has homological dimension n − 2. By hypothesis the support of E has codimension at least n−1, so applying Prop. 6.5 shows that E ∼ = 0. It follows that the support of Q is the diagonal, and hence the groups ( Assuming this for the moment, note that Cor. 6.6 now implies that Y is smooth, and so Theorem 4.1 follows from Theorem 3.1 (or from a simple piece of category theory [4, Thm.
2.3]).
To prove the claim note first that there is a unique map GF O y → O y , so we obtain a triangle
for some object C of D(Y ), which must be supported at y. 
